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Abstract
We study how to realize Smale solenoid type attractors in 3-manifolds. It is already known that we can restrict the 3-manifolds
to lens spaces. We get all Smale solenoids realized in a given lens space through an inductive construction. We turn this around to
address the question of how to decide whether a closed braid is a trivial knot in S3. For a diffeomorphism f of a 3-manifold M that
realizes a Smale solenoid, it is natural to ask whether f−1 also realizes a Smale solenoid. We relate this question to exchangeable
braids, and for some special positive case, we describe the relation between the two Smale solenoids of f and f−1.
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1. Introduction
There are many papers use 3-manifold theory, specially knot theory, to study dynamical questions, for example, [2]
and [7]. In this paper, we follow this way to discuss some questions about solenoids.
Solenoids were first defined by Vietoris in 1927 [10] and were introduced into dynamics by Smale [9] for the
study of hyperbolic basic sets. At almost the same time R. Williams [11] defined generalized solenoids—now called
Smale–Williams solenoids—to study expanding attractors [12], including those in higher dimensions.
1.1. Local geometry model
Let N = D2 ×S1={(x, y) | x2 +y2  1, (x, y) ∈ R2}×{eiθ | 0 θ < 2π} and π :N → S1 be the natural projection
map. Let φ = zk :S1 → S1 for some k ∈ Z, |k| 2 and Φ :N ↪→ N be an embedding map such that
(a) π ◦Φ = φ ◦ π ;
(b) Φ is a D2-level-preserving, linear in θ embedding and the radius of Φ(D2, z) is 1/k2.
We call S =⋂∞n=1 Φn(N) a Smale solenoid, which is a hyperbolic attractor of Φ .
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solenoid type attractor. Two local geometry models (N1,Φ1, S1) and (N2,Φ2, S2) are conjugate if there is a D2-
level-preserving homeomorphism h :N1 → N2 such that, Φ2 = h ◦Φ1 ◦ h−1.
It is easy to show (N1,Φ1, S1) conjugates to (N2,Φ2, S2) if and only if
(1) Φ1(0 × S1) and Φ2(0 × S1) in N1 and N2 have the same braid type up to conjugation and whole twist;
(2) lk(Φ1(1, S1),Φ1(0, S1)) = lk(Φ2(1, S1),Φ2(0, S1)), where lk(·, ·) is the linking number, we call it the framing
number of (N,Φ,S) from now on.
So we known that braid type and framing number decide conjugation type of the local model of Smale solenoids
type attractors.
1.2. Realization questions
In this paper, we only discuss the realization questions in closed 3-manifolds.
Definition 1.2. Let M be a closed orientable differential 3-manifold, and let (N,Φ,S) be a local model of Smale
solenoid type attractor. For an f ∈ Diff(M), we say M realizes (N,Φ,S) type Smale solenoids attractors through f
if there is solid torus N0 ↪→ M and a homeomorphism h :N → N0 ↪→ M such that f |N0 = h ◦ Φ ◦ h−1.
Basic question 1.3. Which closed 3-manifolds M can realize (N,Φ,S) type attractors?
In the paper [5], there are two theorems concerned with this question.
Theorem 1.4. Suppose M is a closed 3-manifold. M realizes some knotted (N,Φ, s) type attractor if and only if
M = L(p,q) 	M1, here L(p,q) = S3, S2 × S1 and M1 is any 3-manifold.
Theorem 1.5. Suppose M is a closed 3-manifold, there is f ∈ Diff(M) such that the nonwandering set of f , then
Ω(f ) is composed of Smale solenoids if and only if M = L(p,q), p = 0.
In Theorem 1.4, knotted means the core of any defining solid torus N0 does not bound a disk in M . Without the
knottedness condition in Theorem 1.4 all manifolds would realize some Smale solenoid as an attractor. However,
this condition is not needed for our discussion of Basic Problem 1.3. Checking the proof of Theorem 1.4 in [5], we
know a closed oriented 3-manifold M which realizes an (N,Φ,S) type attractor must be M = L(p,q) 	M1 type. The
defining solid torus N0 ⊂ M must be a Heegaard solid torus of L(p,q). Given (N,Φ,S), if M = L(p,q) 	M1 realize
(N,Φ,S) type attractor, L(p,q) is the key, while M1 can be any closed orientable 3-manifold. Thus from now on we
only discuss which lens spaces realize an (N,Φ,S) type attractor.
Now we refine Basic question 1.3.
Problem 1.6.
(a) Given L(p,q), which (N,Φ,S) type attractors can be realized in it as attractors?
(b) Given an (N,Φ,S) type attractor, which lens spaces can realize it as an attractor?
(c) If L(p,q) realizes (N,Φ,S) type attractor by diffeomorphism f through Heegaard solid torus V ⊂ L(p,q),⋂∞
n=1 f−n(L(p,q)− V ) is also a attractor obviously. Is it a Smale solenoid attractor? If it is, which type is it? If
it is not, how to discuss this question?
We establish some notations and then give an outline of our main results. Let L(p,q) = V ∪ W be a genus one
Heegaard splitting of a lens space, where p > q > 0. V = S1 ×D2 be a solid torus, we give an orientation of S1, for the
pair (p, q) which is the characteristic simple closed cure in ∂V , fix integers r > 0, and s such that ps − qr = 1 and r
is the smallest one. Similarly fix integers r ′ > 0, and s′ such that ps′ −qr ′ = −1 and r ′ is the smallest one. Then there
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if q  2, and c′ is the closed form σ1σ2 · · ·σp−2 if q = 1 (for p = 2, we let c′ = −c, in fact it is not a braid), d is the
closed form of (σ1σ2 · · ·σr−1)s , d ′ is the closed form of (σ1σ2 · · ·σr ′−1)s ′. Note that c is isotopic to −c′ in L(p,q)
and d is isotopic to −d ′ in L(p,q).
1.3. Main results
The next two theorems are devoted to Problem 1.6(a), (b).
Theorem 1.7. (N,Φ,S) type attractor can be realized through V ⊂ L(p,q) if and only if the framing number of
(N,Φ,S) is (l
2−1)q
p
, where l is the braid number of Φ(0 × S1), and the braid type of (N,Φ,S) can be realized
through a composition of isotopy moves, α-band moves and the inverse of α-band moves from
(1) c and c′, if q2 = ±1 mod p or q ≡ ±1 mod p.
(2) c, c′, d , d ′, if q2 ≡ ±1 mod p and q = ±1 mod p.
Theorem 1.8. Let π :S3 → L(p,q) be the covering map. In the lens space L(p,q), h :N → V ↪→ L(p,q) realizes
(N,Φ,S) type attractor if and only if K˜ = π−1 ◦ h ◦ Φ(c(N)) is a trivial knot in S3 and l2 ≡ 1 mod p. Where c(N)
is the core of N .
There are two obstructions in the discussion about Problem 1.6(c). The first one is that f is not linear in W , for
example, f can be constructed such that f is identity map limited to a closed three ball in W . The other is that the
center of W , e cannot be looked as an closed braid in L(p,q)− f (N). The second obstruction is more essential, we
discuss it for the simplest case S3 = L(1,0). In this case, our question is equivalent to a classical question about links
and braids: if c is a closed braid with axis e and c is trivial knot in S3, is it c exchangeable? Here exchangeable means
e can also be looked at as a closed braid in S3 − c. Morton and Rampichini [6] has discussed this question. They
have given an counterexample c = σ˜ , σ = σ−12 σ3σ 22 σ−11 σ2σ1. Furthermore, they have given an algorithm to decide
whether c is exchangeable.
Proposition 1.9. If L(p,q) realize (N,Φ,S) type attractor through f ∈ Diff(L(p,q)) and (V ,f ) conjugate to
(N,Φ), then f−1 | W also realizes Smale type attractor if and only if c˜ = π−1(c) is exchangeable closed braid
with axis d˜ = π−1(d).
Proposition 1.9 indicates that the algorithm about exchangeable links can be used to decide whether⋂∞
n=1 f−n(L(p,q)− V ) is also a Smale attractor. The following proposition has partially given the braid type of
the Smale attractor above.
Proposition 1.10. Suppose f realizes a (N1,Φ1, S1) type attractor through solid torus V ⊂ L(p,q), Ω(f ) is com-
posed of Smale attractors, the braid type of (N1,Φ1, S1) is B1 and B1 can be looked at as doing some α-band moves
to c or d without further conjugations. Then f−1 realizes (N2,Φ2, S2) type attractor through solid torus W , the braid
type of (N2,Φ2, S2) is B2, here B2 is the dual braid of B1 through V .
Remark. Some new definitions above will appear in Section 2, the applications of the theorems above will appear in
Section 3.
2. Proof of the main theorems
2.1. Proof of Theorem 1.7
First, we state some facts about mapping class groups of lens spaces and Markov theory in 3-manifolds. All facts
about mapping class groups of lens spaces stated here can be found in [4] and Markov theory in 3-manifold can be
found in [8].
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Let S3 = {(z1, z2) ∈ C2: |z1|2 + |z2|2 = 1}. For lens space L(p,q) (here p  2), e2πi/p is denoted by λ, λ(z1, z2)
defined by (λz1, λqz2), L(p,q) = S3/Zp , and π :S3 → L(p,q) is the covering map. Actually, we can give a coor-
dinate system for a Heegaard splitting of L(p,q). Let V , W be the solid tori in L(p,q) covered by the Zp-invariant
solid tori V˜ and W˜ , where V˜ = {(z1, z2) ∈ S3: |z2|  |z1|}; W˜ = {(z1, z2) ∈ S3: |z1|  |z2|}. For the corresponding
longitude-meridian pairs for V˜ and W˜ , we can take l = { 1√
2
(eiθ ,1): θ ∈ R}; m = { 1√
2
(1, e−iθ ): θ ∈ R}. We define
isometries of L(p,q) as follows:
(1) First define isometries of S3
A˜ : (z1, z2) −→ (z¯1, z¯2),
C˜ : (z1, z2) −→ (z¯2, z¯1),
C˜′ : (z1, z2) −→ (z2, z1),
D˜ : (z1, z2) −→ (z¯2, z1),
E˜ : (z1, z2) −→ (z1, z¯2).
(2) A˜ is a Zp-invariant isometry and covers an isometry A on L(p,q); C˜, C˜′ are Zp-invariant isometries if q2 ≡
1 mod p and this time covers isometries C, C′ on L(p,q); D˜ is a Zp-invariant isometry if q2 ≡ −1 mod p and covers
an isometry D (of period 4) on L(p,q); similarly, E˜ covers an orientation reversing isometry E (of period 2) on
L(2,1). The mapping class group of L(p,q) is denoted by D(L(p,q)).
Definition 2.1. A simple closed curve in a closed 3-manifold is called knot. The core of a Heegaard solid torus is
called center knot. Two knots K1,K2 are the same knot type if there is f ∈ Diff(L(p,q)) isotopic to the identity such
that f (K1) = K2. Actually, if we do not consider the orientation of the knots, there are only one center knot type if
q = ±1 mod p and two center knot types otherwise by the uniqueness of genus one Heegaard splitting of the lens
space.
Proposition 2.2. The mapping class group D(L(p,q)) is computed as follows:
If p = 2, then D(L(p,q)) = {[I ], [E]} ∼= Z2.
If p > 2, then
D
(
L(p,q)
)=
⎧⎪⎨
⎪⎩
{[I ], [A]} ∼= Z2 if q2 = ±1 or q ≡ ±1 mod p,
{[I ], [A], [C], [C′]} ∼= Z2 ⊕Z2 if q2 ≡ 1 and q = ±1 mod p,
{[I ], [D], [D2], [D3]} ∼= Z4 if q2 ≡ −1 mod p.
Here, I is the identity, D and E are orientation reversing, the others are orientation preserving; A, E keep center
knot types, and C, D, C′ exchange center knot types.
2.1.2. The Markov theory in 3-manifolds
Classical Markov theory for the 3-sphere says that two closed braids are equivalent as links if and only if one
closed braid may be deformed to the other through horizontal and stabilizing deformations. K. Skora generalizes
Markov theory to all closed oriented 3-manifolds. For the discussion of braids in a closed 3-manifold M , the key is
that if there is a fibred knot K0, then there is a compact surface F with boundary and a homeomorphism Ψ :F → F ,
which is the identity in a neighborhood of ∂F , such that (F,∂F )×[0,1]∼ = (M,K0); where (Ψ (x),0) ∼ (x,1),∀x ∈ F ,
and (x, s) ∼ (x, t) for x ∈ ∂F ; the set K0 is called the axis. We suppose all links we discuss in the following are
piecewise linear.
Definition 2.3. A piecewise transverse link in M is a link L ⊂ M − K0 together with closed segments s1, . . . , sk ,
such that
⋃
si = L; int si ∩ int sj = ∅, whenever i = j ; and each si is transverse to the fibers and intersects each fiber
at most once. Say that si is positive if its orientation agrees with the transverse orientation, and negative otherwise.
A piecewise transverse link without negative segments is called closed braid in M .
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Definition 2.4. Let L,L′ be piecewise transverse links.
(1) Horizontal deformation H. Suppose a disk D is disjoint from K0 and if it meets a fiber, then either it meets the
fiber transversely in an arc or it meets the fiber in a point. If L ∩ D = a is a positive (negative) segment, and
L′ ∩D = a′ is the union of two positive (negative) segments, such that L′ = (L− a)∪ a′, then say L′ results from
L by an H deformation through D.
(2) Stabilizing deformationW . Suppose a disk D meets K0 transversely in one point and it meets each fiber trans-
versely except exactly one fiber it meets in a saddle. If L′ = (L − s) ∪ s′1 ∪ s′2 with ∂D = s ∪ s′1 ∪ s′2, then say L′
results from L by aW deformation through D; see Fig. 1.
Theorem 2.5 (Markov theorem in 3-manifold). Let L,L′ be closed braids, then L,L′ are equivalent in M if and only
if there is a sequence of piecewise transverse links
L = L0,L1, . . . ,Lq = L′,
where each Li+1 results from Li by an H±1 or W±1 deformation.
Definition 2.6. For any closed braid K in N0, moving a subarc ab toward ∂N0 and identify it with a subarc of μ2,
here μ2 bounds a meridian disk in M −N0, we can push ab across the disk, the effect seen in N0 is to replace ab with
its complement in μ2, see Figs. 2 and 3, there are two types: α-band move and β-band move.
K. Skora essentially used the product structure of the complement of a fibred knot to prove Theorem 2.5. Note that
α-band moves are essentially the same as the stabilizing deformationW . For L(p,q) = V ∩ W , although the core of
W is not a fibred knot, one can use the product structure V = S1 × D2 to modify Skora’s proof of Theorem 2.5 to
prove the following theorem.
Theorem 2.5′. Let L,L′ be two closed braids in V ⊂ L(p,q), then L,L′ are equivalent in L(p,q) if and only if there
is a sequence of piecewise transverse links
L = L0,L1, . . . ,Lq = L′,
where each Li+1 results from Li by an isotopy, α-band move or the inverse of α-band move.
Remark. In Theorems 2.5 and 2.5′, braid means oriented braid.
Lemma 2.7. If h :N → V ↪→ L(p,q) realizes an (N,Φ,S) type attractor with braid number l and framing number n,
then n = q
p
(l2 − 1).
Proof. We discuss in L(p,q)− h ◦Φ ◦ h−1(V ), see Fig. 4 for example, it is easy to show [t]p([x1][x2] . . . [xl])q
= 1, abelianize [t] → t ; [xi] → x, then pt + lqx = 0. Since h realizes (N,Φ,S) type attractor, we have
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Fig. 4.
(h ◦ Φ ◦ h−1)∗([t]p[x1 . . . xl]q) = 1 and so (nx + lt)p + qx = 0. From above and x is infinite order in
H1(L(p,q)− h ◦ Φ ◦ h−1(V )), hence l2q = pn+ q , which gives n = 1p (l2 − 1)q . 
Proof of Theorem 1.7. If (N,Φ,S) type attractor can be realized through V , then there is f ∈ Diff(L(p,q)) such
that f |V ∼= Φ|N .
By Lemma 2.7, the framing number of (N,Φ,S) is n = 1
p
(l2 − 1)q . By the uniqueness of genus one Heegaard
splitting of lens space and Proposition 2.2, f (c) is a closed braid in V isotopic to c if q2 = ±1
mathrmmod p or q ≡ ±1 mod p, and f (c) isotopic to c or d otherwise. In Theorem 2.5′, the closed braid has
orientation. In V , there are two orientations. Give c an orientation and c′ the inverse orientation. It is easy to show c′
can be gotten from c through a β-band move. The same way, given d an orientation and d ′ the inverse orientation.
It is easy to show d ′ can be gotten from d through a β-band move. By Theorem 2.5′, f (c) can be obtained from
a composition of isotopy moves, α-band moves and the inverse of α-band moves from c or c′ if q2 = ±1 mod p
or q ≡ ±1 mod p. And f (c) can be obtained from a composition of isotopy moves, α-band moves and the inverse
of α-band moves from c, c′, d or d ′ if q2 ≡ ±1 mod p and q = ±1 mod p. We have proved the “only if” part of
Theorem 1.7.
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On the other hand, the “if” part is natural. If the braid type of (N,Φ,S) satisfies the conditions of Theorem 1.7,
there is f ∈ Diff(L(p,q)) such that f (c) = h ◦ Φ(c(N)) from Proposition 2.2 and the framing number is natural
q
p
(l2 − 1) by the computation in Lemma 2.7. 
2.2. Proof of Theorem 1.8
Lemma 2.8. Let K be a knot in L(p,q), π :S3 → L(p,q) is the universal covering map, π−1(K) = K˜ is a trivial
knot if and only if K is a center knot.
Proof. “if” part. Here L(2,1) is shown in Fig. 5 as a concrete example. Let K be a center knot in V . It is easy to see
that π−1(K) is the core of solid torus V˜ = π−1(V ). V˜ is a Heegaard solid torus of S3, thus C(V˜ ) is a trivial knot of
S3, just like Fig. 5 shows.
“Only if” part. Let N(K) be a tubular neighborhood of K in L(p,q), N(K) is a solid torus. π−1(N(K)) is
denoted by N(K˜). From the assumption, N(K˜) is a solid torus with core K˜ , and the complement of int N(K˜), N(K˜)c
is also a solid torus in S3, it is π−1(N(K)c). Now we only need to prove that N(K)c is also a solid torus. We have
the following diagram,
N(K˜)c
↪→
π |
S3
π
N(K)c
↪→ L(p,q)
Find a meridian L1 of N(K˜)c which bounds a disk D1 in N(K˜)c . π(L1) is denoted by L, it is a simple closed curve in
∂N(K˜)c and contractible in N(K)c for the reason that L1 is contractible in N(K˜)c . From Dehn’s Lemma, L bounds
a disk D in N(K)c , hence N(K)c is a solid torus. 
Now we prove Theorem 1.8.
“Only if” part. Since c(V ) = c is a center knot, L(p,q) realizes an (N,Φ,S) type attractor by f ∈ Diff(L(p,q)).
Since h ◦ Φ(c(N)) = f (c), it is also a center knot, thus π−1 ◦ h ◦ Φ(c(N)) is trivial knot of S3 by Lemma 2.8. From
Lemma 2.7 we known the framing number is 1
p
(l2 − 1)q , when (p, q) = 1, hence l2 ≡ 1 mod p.
“if” part. By Lemma 2.8, let K = c(N), π−1 ◦h◦Φ(K) is trivial knot means h◦Φ(K) is a center knot of L(p,q).
We only need to prove that if p|(l2 − 1), h(K) and h ◦ Φ(K) both are center knots, then there is a f ∈ Diff(L(p,q))
such that f ◦ h(K) = f (c(N0)) = h ◦ Φ(K).
We check the three steps of Fig. 5. (1) → (2) doing q Dehn twists. (2) → (3) the covering map π .
Let closed braid B0 in V˜ be π−1 ◦h ◦Φ(0×S1). N˜(B0) is a neighborhood of B0, let l0 be the longitude of N̂(B0),
π(l0) is the characteristic simple closed curve of ∂(N(h ◦Φ(0 × S1))).
Doing one Dehn twist, the linking number is l2, in (1) → (2), there are q Dehn twists, hence the linking number is
ql2, π(l0) is (p, l2q) type characteristic simple closed curve to π(N˜(B0)), so l2 ≡ 1 mod p, hence l2q = kp + q . It is
easy to show, there is f ∈ Diff(L(p,q)), such that f ◦ h(K) = h ◦Φ(K). 
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Lemma 2.9. Suppose solid torus, simple closed curve pair (N˜, K˜) is the p (p  2) covering of solid torus, simple
closed curve pair (N,K) , then K can be looked as a closed braid in N if and only if K˜ can be looked as a closed
braid in N˜ .
Proof. “If” part. In this case, there is a disc foliation Dt , 0 t  1, D0 = D1 for N˜ such that the geometry intersec-
tion number of Dt ∩ K˜ is a fixed number n for any t ∈ [0,1]. Fix t0 ∈ [0,1], through an isotopy move for K (then for
K˜) and Dt , we can suppose Dt0 belongs to a fundamental region of the covering map with the geometric intersection
number of Dt0 ∩ K˜ is n.
Let D = π(Dt0) be the meridian disc of N . We only need to check N/(D ∪ K) ∼= D/K × int I . By Theorem 10.2
of [3] it is enough to check that π1(D/K) is isomorphic to π1(N/(D ∪ K)). It is easy to show there is an embedding
j : (N/(D ∪K),D ∪K) → (N˜/(Dt0 ∪ K˜),Dt0 ∪ K˜). We have the following diagram:
π1(D/K)
i∗
∼=
π1(N/(D ∪K))
j∗
π1(Dt0/K˜)
∼=
π1(N˜/(Dt0 ∪ K˜))
j∗ is injective because π1(N˜/(Dt0 ∪ K˜)) is an amalgamation of copies of π1(N/(D ∪ K)). Then from the diagram
we know π1(D/K) is isomorphic to π1(N/(D ∪K)).
“Only if” part. In this case, there is a disc foliation Dt , 0  t  1, D0 = D1 for N such that the geometry
intersection number of Dt ∩ K˜ is constant for any t ∈ [0,1]. Hence D˜t = π−1(Dt ) gives a disc foliation to N˜ such
that the geometry intersection number of D˜t ∩ K˜ is constant for any t . This just means K˜ can be looked as closed
braid in N˜ . 
Proof of Proposition 1.9. f−1 | W realizes a Smale type attractor if and only if the center of f−1(d) can be looked
at as a closed braid in W . This is equivalent to d can be looked as closed braid in L(p,q)− f (N). Using Lemma 2.9,
this is equivalent to d˜ = π−1(d) can be looked as closed braid in S3 − c˜. From Theorem 1.8, c˜ and d˜ both are trivial
knots in S3, hence the above case appears if and only if c˜ is exchangeable with axis d˜ . 
Definition 2.10. Under the assumption of Proposition 1.10, we define inductively the dual braid type of B1 following
Theorem 1.7, which is denoted by B2.
(1) Basic cases
(1.1) If B1 is a 1 strand braid, then B2 is also a 1 strand braid;
(1.2) If B1 satisfies the closed type B˜1 is d, then B2 is (−q, t) type torus braid type.
(2) α-band moves cases.
If we can get B˜1 from a α-band move by B˜ ′1 and the dual braid type of B ′1 is B ′2. B˜2 is defined to be the closed
braid by doing a α-band move (in the same order) from B˜ ′2.
Lemma 2.11. Under the assumption of Proposition 1.10, there is g ∈ Diff(L(p,q)) such that Ω(g) is composed of a
(N1,Φ1, S1) type attractor and a (N2,Φ2, S2) type repeller, the braid type of (N1,Φ1, S1) is B1 and the braid type of
(N2,Φ2, S2) type repeller is B2.
Proof. We construct g following the classification in Definition 2.10.
(1.1) g compress V linearly into itself and g−1 compress L(p,q)− V linearly into itself, g isotopy to identity and
satisfies the conclusion of the lemma.
(1.2) Let h be the pushing map which compress V linearly into itself and h−1 compress L(p,q)− V linearly
into itself, it isotopy to identity. g is defined to be h ◦ C (if p > 2, q2 ≡ 1 and q = ±1 mod p), h ◦ D (if p > 2,
q2 ≡ −1 mod p), now we check g satisfy the conclusion of Lemma 2.11.
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Both C and D exchange V and L(p,q)− V . From the construction of h, we know Ω(g) is composed of Smale
attractors (N1,Φ1, S1) and (N2,Φ2, S2), the braid type of (N1,Φ1, S1) is B1. The rest is to check the braid type of
(N2,Φ2, S2) is B2, it is only need to check h−1(C(V )) is the B2 type closed braid in L(p,q)− V . Let the meridian
of (∂L(p,q)− V ) be e2 (e′2), and the longitude of (∂L(p,q)− V ) be e1 (e′1).
Let
A =
(
s p
t q
)
,
B =
(−q p
t −s
)
.
From Definition 2.10
(e′1, e′2) = (e1, e2)A, (e1, e2) = (e′1, e′2)B.
The braid type of h−1(c(V )) is the same with h−1(e1), it is (−q, t) type torus knot type.
(2) In this case, the way we construct g in a manner similar to that in the proof of Theorem 2 in [5]. As in [5], it
is easy to show that for our construction of g we only need to check c(V ) ∪ B˜2 is isotopic to B˜1 ∪ c(L(p,q)− V ).
Under our supposition, B˜1 is isotopic to c(or d) with some step α-moves, like Fig. 5 of [5], we can check c(V ) ∪ B˜2
is isotopic to B˜1 ∪ c(L(p,q)− V ). 
Now we prove Proposition 1.10.
First, from Theorem 2 of [5], Ω(f ) is composed of Smale attractors (N1,Φ1, S1) and (N2,Φ2, S2). We can suppose
f (V ) = g(V ), hence f−1|L(p,q)− f (V ) conjugates to g−1|L(p,q)− f (V ). While f−1|L(p,q)− f (V ) conju-
gates to Φ2|N2, then the braid type of (L(p,q)− f (V ), g−1) is B2, hence the braid type of (N2,Φ2, S2) type attractor
is B2. 
3. Applications
Theorem 1.7 can be looked as the answer of Problem 1.6(a). To answer Problem 1.6(b), in Theorem 1.8 we turn it
to be a classic problem: which braid B satisfies the closed form B˜ in S3 is trivial knot. Following this idea, we will
give Algorithm 3.1 for Problem 1.6(b), Example 3.3 is an positive example. We find a braid cannot be realized as a
Smale attractor in Example 3.4. In Example 3.5 we explain how to realize all cases in Example 3.3 from Theorem 1.7.
In the end, we give an example for Proposition 1.10.
Algorithm 3.1. We are given an (N,Φ,S) type attractor, with braid type B on l strands, and two relatively prime
integers p and q . Let n be the framing number of (N,Φ,S) and let τ = (σ1 · · ·σl−1)l as in Fig. 6 shown.
Step 1. Does n = (l2−1)(±q+kp)
p
or
(l2−1)(±q ′+kp)
p
for some k, q ′ ∈ Z, where qq ′ ≡ 1 mod p? If not, then L(p,q)
cannot realize this (N,Φ,S) type attractor; otherwise proceed to Step 2.
Step 2. After some Dehn twists, we can change q and k such that k = 0. Therefore, n = (l2−1)q
p
or
(l2−1)q ′
p
. Proceed
to Step 3.
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attractor. Otherwise, L(p,q) does not realize this (N,Φ,S) type attractor.
Lemma 3.2 (Bennequin Lemma [1]). Let L be a nonseparable link of μ components, presented as a closed braid on
l strands, with c+ (c−) positive (negative) crossings. Then g(L), the genus of L, is bounded as follows:
|c+ − c−| − l −μ
2
+ 1 g(L) |c+ + c−| − l −μ
2
+ 1.
Example 3.3. Let (N,Φn,S) denote the Smale solenoid type attractor with braid type B = [(σ2σ1)2] and framing
number n. We discuss which lens spaces can realize (N,Φn,S) type attractor for a given n. From Lemma 2.7, we
known pn = 8q , thus
p = 8
(8, n)
, q = n
(8, n)
(1)
hence p|8. Let π :S3 → L(p,q) be the covering map. Let diffeomorphism h :N → N0 ↪→ L(p,q) realizes a
(N,Φn,S) type attractor through f ∈ Diff(L(p,q)). From Theorem 1.8, it is right if and only if π−1(h(B˜)) is trivial
knot of S3. By Algorithm 3.1,
π−1
(
h(B˜)
)=˜Bpτ−q =˜(σ2σ1)2p−3q . (2)
Using Lemma 3.2, σ1σ2 has two positive crossings, l = 3, μ = 1, hence
g(L) = |2p − 3q| − 1. (3)
Following (1), it is easy to check only when n = 4, 5, 6, the right part of (3) is zero. We have [n,p,q] = [4,2,1],
[5,8,5] or [6,4,3]. Put them into (2) we known it is trivial knot for π−1(h(B˜)) in any case above. Hence we have
(N,Φ4, S) type attractor can be realized only in L(2,1);
(N,Φ5, S) type attractor can be realized only in L(8,5);
(N,Φ6, S) type attractor can be realized only in L(4,3);
and for n = 4,5, or 6, (N,Φn,S) type attractor cannot be realized in any closed 3-manifold.
Example 3.4. Fix a (N,Φ,S) type attractor, let the framing number be n, the braid type B have l strands. From
Lemma 2.7, [p,q] = [ l2−1
(l2−1,n) ,
n
(l2−1,n) ]. Let the diffeomorphism h :N → N0 ↪→ L(p,q) realizes this (N,Φ,S) type
attractor through f ∈ Diff(L(p,q)). Let π :S3 → L(p,q) be the covering map. π−1(h(B˜)) =˜Bpτ−q , the positive
(negative) crossing number of B is denoted by c+ (c−), the crossing number of τ is l(l − 1). Using Lemma 3.2, we
know
g(L) 1
2
[∣∣∣∣ l2 − 1(l2 − 1, n)c+ − l
2 − 1
(l2 − 1, n)c− −
n
(l2 − 1, n) l(l − 1)
∣∣∣∣− l + 1
]
.
From the inequality above, we known many local model (N,Φ,S) type attractor cannot be realized as Smale
attractor in 3-manifold. We look at l = 3 as an example. In this time the inequality is
g(L)
∣∣∣∣ 4(8, n)c+ − 4(8, n)c− − 3n(8, n)
∣∣∣∣− 1.
If |c+ − c−| is big enough, g(L) > 0, and hence (N,φ,S) cannot be realized as attractor in any 3-manifold.
Furthermore, σ = (σ1σ−12 )2 cannot be realized as the braid type of a Smale attractor in any 3-manifold. In this
case, g(L) | 3n
(8,n) | − 1. Since g(L) = 0 if and only if n = 0, L(p,q) = S3. But σ˜ is not a trivial knot in S3, by Theo-
rem 1.8 it cannot be realized as attractor in S3.
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(1) The diffeomorphism f ∈ Diff(L(2,1)) realizes (N,Φ4, S) type attractor can be looked as doing a α-band move
from c.
(2) The diffeomorphism f ∈ Diff(L(8,5)) realizes (N,Φ5, S) type attractor is d .
(3) The diffeomorphism f ∈ Diff(L(4,3)) realizes (N,Φ6, S) type attractor can be looked as doing a β-band move
from c, it just is c′.
Example 3.6. In Example 3.3, we showed that there is an f ∈ Diff(L(8,5)) that realizes an (N,Φ5, S) type attractor
through V , such that f is not only satisfies the conditions above, but also realizes an (N ′,Φ ′, S′) type attractor through
L(8,5)− V . By Lemma 2.7 and Proposition 1.10 we can show that the braid type of (N ′,Φ ′, S′) type attractor is
(−5,2) and it has framing number 15.
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